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SPHERICAL PARKING FUNCTIONS, UPROOTED TREES,
AND YET ANOTHER WAY TO COUNT nn
ANTON DOCHTERMANN
Abstract. Parking functions are a widely studied class of combinatorial objects, with
connections to several branches of mathematics. The number of parking functions of length
n is given by (n + 1)n−1, which by Cayley’s formula is equal to the number of spanning
trees of the complete graph Kn. Parking functions can be identified with the standard
monomials of Mn, a certain monomial ideal in the polynomial ring S = K[x1, . . . , xn] with
a set of generators indexed by the nonempty subsets of [n] = {1, 2, . . . , n}.
In this note we study M
(n−2)
n , a subideal of Mn obtained by allowing only generators
corresponding to proper subsets of [n]. The set of standard monomials of M
(n−2)
n consists
of the usual parking functions as well as a collection of sequences we term ‘spherical parking
functions’ of length n, which we show has cardinality (n − 1)n−1. The proof is recursive
and relies on known enumerative results regarding a certain class of ‘uprooted trees’. As a
corollary we obtain a seemingly new combinatorial identity for nn, reminiscent of a result of
Benjamin and Juhnke. We discuss combinatorial refinements of our result and a conjectural
relationship between the degree of spherical parking functions and inversions in uprooted
trees.
1. Introduction
A parking function of size n is a sequence (a1, a2, . . . , an) of nonnegative integers such that
its rearrangement c1 ≤ c2 ≤ · · · ≤ cn satisfies ci < i. This seemingly innocent construction
turns out to have connections and applications to many areas of mathematics. In [11] it is
shown that there are (n + 1)n−1 parking functions of size n, which by Cayley’s formula is
equal to the number of spanning trees of the complete graph Kn+1. This correspondence
can be generalized to the case of arbitrary graphs G in the context of sequences of integers
known as G-parking functions [8].
On the algebraic side parking functions of length n can be identified with the standard
monomials of the parking function ideal Mn, a monomial ideal living in the polynomial ring
S = K[x1, x2, . . . , xn] for some fixed filed K. In [17] a parking function ideal MG is defined
for an arbitrary graph G on n + 1 vertices, but we will only need the case G = Kn+1 is the
complete graph. A generating set of monomials for Mn (in fact for any MG) is indexed by
all nonempty subsets of [n] = {1, 2, . . . , n} according to the following construction. For any
∅ 6= σ ⊆ [n] define the monomial mσ by
mσ =
∏
i∈σ
x
n−|σ|+1
i . (1)
The ideal Mn is then by definition the ideal (minimally) generated by these monomials:
Mn = 〈mσ : ∅ 6= σ ⊆ [n]〉.
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In this paper we study a subideal of Mn generated by monomials corresponding to the proper
subsets of [n].
Definition 1.1. The M
(n−2)
n is the ideal in S = K[x1, . . . , xn] given by
M (n−2)n = 〈mσ : ∅ 6= σ ( [n]〉.
The generators of M
(n−2)
n then correspond to all subsets of size at most n− 1, which can
be thought of as the (n− 2)-skeleton of a simplex (hence the notation). In [7] the k-skeleton
ideals of G-parking function ideals are introduced, where standard monomials and minimal
free resolutions are studied for the case k = 1.
Example 1.2. For n = 4 we have
M
(2)
4 = 〈x41, x42, x43, x44, x31x32, x31x33, x31x34, x32x33, x32x34, x33x34, x21x22x23, x21x22x24, x21x23x24, x22x23x24〉
We briefly recall some basic notions in commutative algebra that may be unfamiliar to
the reader (see [15] for more details). Suppose I ∈ S is an ideal such that S/I is finite
dimensional as a K-vector space. Then we say that I is an Artinian ideal and a basis for
S/I is called the set of standard monomials of I (determined by a chosen term order). In the
case that I is monomial the standard monomials consist of those monomials m such that m
is not divisible by any generators of I.
One can check that the standard monomials of Mn are naturally in correspondence with
the parking functions of length n, so that dimK S/Mn = (n+ 1)
n−1. In [17] this approach is
used to define G-parking function ideals for an arbitrary graph G, where the K-dimension of
S/MG is equal to the number of spanning trees of G. Our main result concerns the standard
monomials of M
(n−2)
n .
Theorem 1.3. The number of standard monomials of M
(n−2)
n is given by
(n+ 1)n−1 + (n− 1)n−1. (2)
Since the ideal M
(n−2)
n is contained in Mn we have that the set of standard monomials
of Mn are contained in those of M
(n−2)
n . Hence the (n + 1)n−1 term appearing in Equation
2 can be seen to correspond to the set of parking functions of length n. Define a spherical
parking function of length n to be (the exponent vector of) a standard monomial of M
(n−2)
n
that is not a parking function (recall that the (n − 2)- skeleton of an (n − 1)-dimensional
simplex is a sphere).
Corollary 1.4. The number of spherical parking functions of length n is given by (n−1)n−1.
The set of spherical parking functions also has a straightforward combinatorial description
as a sequence (a1, a2, . . . , an) of nonnegative integers whose rearrangement c1 ≤ c2 ≤ · · · ≤ cn
satisfies c1 = 1 and ci < i for all i = 2, 3, . . . , n.
Example 1.5. Again for n = 4 we have that M
(2)
4 contains 5
3 + 33 = 152 standard monomi-
als. Among these, 125 correspond to parking functions of length n (for instance the parking
function (1, 0, 1, 2) corresponds to the monomial m = x1x3x
2
4). The other 27 standard mono-
mials (the spherical parking functions) can be described as follows
x1x2x3x4, x
2
1x2x3x4 × 4, x31x2x3x4 × 4, x21x22x3x4 × 6, x31x22x3x4 × 12.
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The value (n − 1)(n−1) appearing in (2) also has combinatorial interpretations. By an
uprooted tree on [n] = {1, 2, . . . , n} we mean a rooted tree with vertex set [n] in which the root
is larger than all of its immediate descendants. In [3] it is shown that the number of uprooted
trees on [n] is given by (n−1)(n−1), although do not know of a direct bijection between these
object and the spherical parking functions (see Section 3 for further discussion). However,
an explicit formula for the standard monomials of M
(n−2)
n coming directly from the definition
provides ‘another way of counting’ (n− 1)n−1 in the spirit of [1].
Corollary 1.6. For any integer n ≥ 1 we have
(n− 1)n−1 =
∑
0≤k1≤1
0≤k1+k2≤2···
0≤k1+···+kn−2≤n−2
(
n
k1
)(
n− k1
k2
)
· · ·
(
n− (k1 + · · ·+ kn−3)
kn−2
)
, (3)
where n > 1 is an integer and k1, k2, . . . , kn−2 are nonnegative integers.
To illustrate the identity, for n = 4 we have the possible values of k1, k2 given by
k1 k2
0 0
0 1
0 2
1 0
1 1
and the formula becomes
33 =
(
4
0
)(
4− 0
0
)
+
(
4
0
)(
4− 0
1
)
+
(
4
0
)(
4− 0
2
)
+
(
4
1
)(
4− 1
0
)
+
(
4
1
)(
4− 1
1
)
= 1 + 4 + 6 + 4 + 12 = 27.
We note that the formula for nn involves Cn many terms in the summation, where
Cn =
1
n+ 1
(
2n
n
)
is the nth Catalan number. In [1] Benjamin and Juhnke established a similar looking identity:
(n− 1)n−1 =
∑
0≤k1≤1
0≤k1+k2≤2···
0≤k1+···+kn−2≤n−2
(n− 1)!
k1!k2! · · · kn−2! , (4)
where n > 1 is an integer and k1, k2, . . . , kn−2 are nonnegative integers. In [6] this formula
was generalized to an identity involving nm, where m < n. Note that Equation 4 involves a
summation over the same indexing set as Equation 3, but one can check that the terms in
the summation are not the same (even up to reordering). For instance if n = 4 Equation 4
becomes
4 ANTON DOCHTERMANN
33 =
3!
0!0!
+
3!
0!1!
+
3!
0!2!
+
3!
1!0!
+
3!
1!1!
= 6 + 6 + 3 + 6 + 6 = 27.
In the next section we provide proofs of our results. We end with a discussion regarding
other combinatorial refinements of our identities, as well as conjectural connection between
the degree of spherical parking functions and certain inversions on uprooted trees.
2. Proofs and discussion
In this section we prove Theorem 1.3 and Corollary 1.6. Recall that the ideal M
(n−2)
n is
generated by all monomials mσ where σ ⊆ [n] and 1 ≤ |σ| ≤ n− 1. In particular M (n−2)n has
the same generators as Mn except for the single monomial m{1,2,...,n} = x1x2 · · ·xn.
Proof of Theorem 1.3. Since M
(n−2)
n ⊂ Mn we have that the set of standard monomials of
Mn are contained in those of M
(n−2)
n . We know that there are (n+1)n−1 standard monomials
of Mn so we need to show that there are (n− 1)(n−1) monomials m such that m is divisible
by x1x2 · · ·xn and yet not divisible by any generators of M (n−2)n . Such monomials have the
form
xa11 x
a2
2 · · ·xann , where ai ≥ 1 for all i,
with certain conditions on the values of ai. LetM+n denote the set of such monomials. Hence
M+n naturally corresponds to the set of spherical parking functions of length n, but here we
prefer the monomial perspective. As we have seen it suffices to show that |M+n | = (n−1)n−1.
Note that an element of M+n is obtained by taking the monomial x1x2 · · ·xn, choosing a
set S ⊆ [n], and then raising each variable corresponding to a element of S by a nonzero
amount. Let F (n, s) denote the number of standard monomials inM+n+1 that correspond to
raising the exponent of all variables in a chosen (and fixed) set of n− s variables, fixing the
exponents of all other variables to be one. We claim that F (n, s) satisfies the recursion
F (n, s) =
n−s∑
j=0
(
n− s
j
)
F (n− 1, s+ j − 1), (5)
with F (1, 1) = 1 and F (n, 0) = 0 for n ≥ 1.
We have F (1, 1) = 1 since if we have only two variables, we get a single contribution to the
setM+2 (standard monomials of M (1)2 that are elements of M2) by ‘changing zero variables’,
namely from the monomial x1x2. In fact F (n, n) = 1 for all n ≥ 1.
Similarly we have F (n, 0) = 0 for n ≥ 1 since if we have n + 1 variables and raise the
exponent of any n variables we end up with a monomial in M
(n−2)
n+1 . This follows from the
fact that M
(n−2)
n+1 contains the monomial mS for all S ⊆ [n] with |S| ≤ n.
Next, to establish the recursion, suppose m is a standard monomial in M+n+1 resulting
from raising the exponents in some set of t = n − s variables. Without loss of generality
suppose that the set is {1, 2, . . . , t} so that
m = xa11 x
a2
2 · · ·xatt xt+1 · · ·xn+1,
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where each ai > 1. Suppose j of these variables have exponent equal to 2 (so that t − j
variables have exponent 3 or larger). Take the subset of variables consisting of those with
exponent 3 or larger and subtract one from each of those exponents to get a new monomial
m′ (on that subset of variables, shifting indices if necessary) that is now a standard monomial
of M
(n−2)
n with the property that t− j = n− s− j variables have exponent (strictly) larger
than 1. The number of such standard monomials is F (n − 1, s + j − 1). If we add up(
n−s
j
)
F (n − 1, s + j − 1) for all possible choices of j variables with exponent equal to 2 we
get F (n, s) (see Example 2.1 for an illustration). The recursion formula (5) follows.
Now, in [19] it is shown that F (n, s) counts the number of forests with n labeled vertices
consisting of s distinct trees such that s specified vertices belong to distinct trees. There it
is shown that
F (n, s) = snn−s−1.
In [3] the authors show that the number of uprooted trees on vertex set [n + 1] is given by
nn, and they use this description to prove a number of combinatorial interpretations . By
considering the parameter ‘degree s of the root’, they obtain the identity:
nn =
n∑
s=1
(
n+ 1
s+ 1
)
snn−s−1. (6)
We have seen that snn−s−1 counts the number of monomials in M+n+1 that correspond to
raising the exponent of all variables in a chosen (and fixed) set of n−s variables (while fixing
all other variables to have exponent one). There are
(
n+1
n−s
)
=
(
n+1
s+1
)
ways to choose which
variables to raise, and hence our result follows. 
Example 2.1. To aid the reader we provide an illustration of the identity in Equation 5 for
the case
F (4, 2) = F (3, 1) + 2F (3, 2) + F (3, 3).
On the left hand side we are considering monomials with 4 + 1 = 5 variables. Assuming as
above that the set of variables with raised coefficients is {x1, x2} we have
|{33111, 34111, 43111, 32111, 23111, 42111, 24111, 22111}|
= |{2211, 2311, 3211}|+ 2|{2111, 3111}|+ |{1111}|, (7)
where monomials are represented by their exponent vectors.
We next turn to the proof of Corollary 1.6.
Proof of Corollary 1.6. Our strategy will be to show that the right hand side of the identity
naturally counts the elements of M+n . Theorem 1.3 will then give the result. Note that if
xa11 x
a2
2 · · ·xann ∈M+n , then no exponent can satisfy ai ≥ n since xni is a generating monomial
of M
(n−1)
G . We can have at most one exponent satisfying ai = n− 1, at most two exponents
satisfying aj = n − 2, and so on. Let k1 denote the number of exponents ai such that
ai = n− 1, k2 the number of exponents aj such that aj = n− 2, etc. Hence the number of
standard monomials of the form xa11 x
a2
2 · · ·xann is given by the expression on the right hand
side of (3), which by Theorem 1.3 is equal to (n− 1)n−1. 
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3. Inversions and further questions.
We end with a brief discussion regarding some refinements of nn via combinatorial pa-
rameters. As we have seen Equation (6) taken from [3] enumerates uprooted trees via the
parameter ‘degree s of the root’ (see Figure 1). In our context this corresponds to enumer-
ating elements of M+n+1 in terms of ‘raising the exponent of n− s variables’ .
4
1 2 3
4
? ?
3
{1,2}
x6 x2
{1,2}
4 3 2
x3 x2 x1
1
3 4
4 3 2
1
x6 x4 x2
x1
{1,2}?
? ??
{1,2}?
Figure 1. Uprooted trees on [4] by degree of the root, 27 = 1 + 8 + 18.
In the context of parking functions, a natural parameter to consider is the degree (sum of
the entries). Kreveras [12] showed that the number of length n parking functions of degree(
n+1
2
) − k is equal to the number of spanning trees of Kn+1 with k inversions. To describe
this notion suppose T is a tree on vertex set {1, 2, . . . , n} and fix a root at 1. Then an
inversion in T is a pair (α, β) of vertices in T such that β is a descendant of α and α > β.
Kreweras established his result by relating parking functions to the Tutte polynomial of Kn,
and hence to the external activity of trees. A bijection between the set of trees with k
inversions and the set of trees with k externally active edges was given by Beissinger in [2].
A geometric interpretation of parking functions counted by degree is also provided by the
so-called ‘Pak-Stanley’ labeling of regions in the Shi arrangement [18].
Many of these results can be generalized to arbitrary graphs. If we let TG(x, y) denote the
Tutte polynomial of a (connected) graph G, Merino [14] showed that TG(1, y) =
∑r
i=0 aiy
i,
where r − ai is the number of G-parking functions of degree i, and r is the circuit rank of
G. As a corollary we see that the number of G-parking functions of degree i is given by the
number of spanning trees of G with external activity r−i. A bijective proof of this result was
provided by Cori and Le Borgne in [5]. Gessel [10] has generalized the notion of inversion in
the context of κ-inversions for spanning trees of an arbitrary graph G. He shows that the
coefficient ai of TG(x, y) is also given by the number of spanning trees of G with κ-number i.
In [16] Perkinson, Yang, and Yu give a bijection between G-parking functions and spanning
trees that preserves degree and the number of κ-inversions.
In our context we can enumerate elements of M+n according to degree. As we have seen
elements inM+n are in bijection with uprooted trees, and so degree gives a a new parameter on
such objects. Small examples indicate a possible connection to inversions that is analogous
to the classical case. If T is a birooted tree on [n] with root r, define a surface inversion to
be a pair of non-root vertices (α, β) such that β is a descendant of α and α > β. We then
have the following conjectural correspondence.
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Conjecture 3.1. The number of spherical parking functions of length n of degree
(
n
2
)−k+1
is equal to the number of birooted trees on vertex set [n] with k surface inversions.
The correct proof of this conjecture would presumably involve a bijective proof of Theorem
1.3 that preserves degree and surface inversions.
4
3 1
4
2
1
3
4
1
3
2
3
2
1
4
3
1
4
2
4
3 2
4
2 3
3
2
4 1
2
1
4
3
4
2
3 12 1 1
Figure 2. Uprooted trees on [4] with one surface inversion.
Example 3.2. As an example of the above discussion, the relevant monomials in M+4 (de-
scribed as spherical parking functions) are 1123 (all 12 permutations), 1122 (all six permu-
tations), 1113 (all four permutations), 1112 (all four permutations), and 1111. Theorem 6
gives the identity
27 = 18 + 8 + 1,
since 18 monomials have two variables raised, 8 have a single variable raised, and one has
no variable raised. In terms of labeled rooted trees discussed in [3] this corresponds to the
number of trees with particular root degree, see Figure 1.
If we instead count using the degree statistic then we get
27 = 12 + 10 + 4 + 1.
Conjecture 3.1 states that this the same as counting uprooted trees in terms of the number
of surface inversions. See Figure 2 for the list of uprooted trees on vertex set [4] with one
surface inversion.
Remark 3.3. After this paper was prepared we found a connection between our objects
of study and the u-vector parking functions introduced by Yan in [21]. For this suppose
u = (u1, u2, . . . un) ∈ Nn is a vector of nonnegative integers. Then, a sequence (a1, a2, . . . , an)
of nonnegative integers is a u-parking function if its rearrangement c1 ≤ c2 ≤ · · · ≤ cn
satisfies
cj <
j∑
k=1
uk
for all 1 ≤ j ≤ n.
Let PF (u) denote the set of all u-parking functions. Observe that the usual parking func-
tions are recovered for the case u = (1, 1, . . . , 1). One can check that the standard monomials
of M
(k)
n are naturally in one-to-one correspondence with the set of un,k vector parking func-
tions, where
un,k = (n− k, 0, 0 . . . , 0︸ ︷︷ ︸
n− k − 1 times
, 1, 1, . . . , 1︸ ︷︷ ︸
k times
).
8 ANTON DOCHTERMANN
By results of Yan [20] the number of such monomials is given by
k∑
j=0
(
n
j
)
(k + 1− j)(k + 1)j−1(n− k)n−j
By Theorem 1.3, for k = n − 2 this formula simplifies to (n + 1)n−1 + (n − 1)n−1 although
we do not see a clear reduction.
We remark that for an arbitrary graph G (with specified root vertex), the standard mono-
mials of the k-skeleton ideal M
(k)
G provide a natural blending of the u-parking functions
with the G-parking functions from [17]. One could hope for a generalization of Conjecture
3.1 that extends to such objects, involving a generalization of the κ-inversions of [10] and
perhaps the burning algorithm described in [16] and [9]. As far as we know these notions
have not been explored.
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